
Solution to Problem 1) Considering that 〈𝑥𝑥〉 = ∑ 𝑝𝑝𝑛𝑛𝑥𝑥𝑛𝑛𝑁𝑁
𝑛𝑛=1 , and that 𝑥𝑥1 ≤ 𝑥𝑥2 ≤ ⋯ ≤ 𝑥𝑥𝑁𝑁, 

and also that 𝑝𝑝𝑛𝑛 ≥ 0, it is readily observed that 〈𝑥𝑥〉 ≥ ∑ 𝑝𝑝𝑛𝑛𝑥𝑥1𝑁𝑁
𝑛𝑛=1 = (∑ 𝑝𝑝𝑛𝑛𝑁𝑁

𝑛𝑛=1 )𝑥𝑥1 = 𝑥𝑥1. 
Similarly, 〈𝑥𝑥〉 ≤ ∑ 𝑝𝑝𝑛𝑛𝑥𝑥𝑁𝑁𝑁𝑁

𝑛𝑛=1 = (∑ 𝑝𝑝𝑛𝑛𝑁𝑁
𝑛𝑛=1 )𝑥𝑥𝑁𝑁 = 𝑥𝑥𝑁𝑁. Consequently, 𝑥𝑥1 ≤ 〈𝑥𝑥〉 ≤ 𝑥𝑥𝑁𝑁. 

 


